The paper is concerned with the determination of the degree of convergence of a sequence of linear operators connected with the Fourier series of a function of class L p (p > 1) to that function and some inverse results in relating the convergence to the classes of functions. In certain cases one can obtain the saturation results too. In all cases L p norm is used.
1
Let f(x) be a periodic, Lebesgue integrable function with period 2m. Let the Fourier series for/(x) be given by OC 00
(1) 2#o + 2 (a*coskx + b k sin kx) = 2 A k {x).
A r = l k = 0
Let S n (f\ x) be the nlh. partial sum of the series (1) . The conjugate series of the series (1) is 00 00
B n (x) = (b k coskx -a k sin kx). n=\ k=\
The space L p \ -m,-n\ when p -oo will be replaced by the space c 2w of all continuous functions defined over [ -77,77-] . Throughout the paper, norms will be taken with respect to the variable JC and || • I I ^ will denote the usual L p norm for 1 <p < 00, and the supremum norm when/> = 00. F o r / G L p [ -ir, 77 ] (1 <p < 00), the modulus of continuity and the modulus of smoothness w (p) (8, / ) and S; f) are defined respectively by (3) w<"(8;/) = sup \\f{x + h) -f(x)\\ p , and ( 
4) « 4 p \ 8 ; f ) = s u p \\f(x + h) + f { x -h ) -2f(x)\\ p .
The classes Lip a, Lip(a, p) (p > 1) will be as usual (see [5] , page 612; also see [18] , pages 42, 45). The class Lip(o, p) with/; -00 will be taken as Lip a.
Two functions / and g are said to be equivalent if f(x) -g(x) almost everywhere.
Let {c n }, {d n } be two non-zero sequences with c n ,
Given/, let us associate with it the operator t n { f) defined by 
k=\
It should be remarked that t n (f; x) is the (N, c, d) transform of {S k (f; x)} (see [2] ). We shall write t n (f; x) = N n (f; x) or N n (f; x) according as d n = 1 for all n or c n = 1 for all n.
If there exists a positive non-increasing function §(n) and a normed linear space K of functions such that [11] have obtained results on saturation for a general class of summability methods in the supremum norm. Sunouchi [14] has studied the local saturation properties of the convolution operator (also see [13] , [17] ).
Concerning the saturation property of the Norlund method, Goel, Holland, Nasim and Sahney [4] have proved the following theorem: THEOREM A ( [4] , compare [9] ). Letf G c 2w and C n > 0 (all n). Then the following hold:
whenever
In Section 3 we obtain the order and class of saturation of the method (N, c, d) or the operator *"(/) in the L p (1 < p < oo) norm. Special cases of this result extend Theorem A and yield a saturation result for a type of Riesz method.
The other object of this paper is to obtain the degree of convergence of / " ( / ) to / G L p in terms of the integral modulus of continuity and integral modulus of smoothness with a view to generalizing the following results:
) and if C n -> oo and (where C(y) -C [y] ) then
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S144678870002317X THEOREM C ( [10] ). Let C n -> oo as n -» oo, and R(y)/y" be nondecreasing where
07)
(Î n Section 4 we shall generalize these results and obtain some other special cases.
Following the method of Sunouchi and Watari [16] we can obtain Throughout the paper, we write for 1 ^p < 00, Since we do not know much about the behaviour of that series the saturation problem for (N, d) turns out to be difficult. However when/> = 2 we get the following as an easy consequence of Parseval's identity: COROLLARY 
Let f G L 2 . Corresponding to the order of saturation l/D n the saturation class of the method (N, d) or of the operator N n (f) is the class of all functions f G L 2 with Fourier series 2JL\D k _ t A k (x).
Our next result gives an estimate for the error in approximating a function / G K p by /"(/). Precisely, we prove THEOREM 2. Let 1 < p < oo and {c n } and {d n } satisfy
Wf-t n {f)\\ p =O{cJR n ).
We shall need the following lemmas for the proof of our theorem: LEMMA 
([5], Theorem 24(i), page 599). If f belongs to Lip(l, p) (<p =£ oo) then f is equivalent to the indefinite integral of a function belonging to L . If f G Lip then f is the indefinite integral of a bounded function.
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S144678870002317X (61 LEMMA 2 ([6], Theorem 5, page 627). Suppose/ G Lip(a, p) where p s* 1,0 < a < 1. 
(Kp< oo)-implies \\f-t n (f)\\ p = O(c n /R n ) iff\L n (t)\dt=O{c n /R n ).
PROOF. Let S n (f; x) denote the partial sums of the conjugate series associated with/(.x). We have, from the definition,
and S(f) -S(f). If p -oo,/G Lip 1 (by hypothesis)
and then -/ + ja 0 is identical to/. Thus from (30) and (27), use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S144678870002317X By using the generalized Minkowski's inequality ( [7] , page 148, 6.13.9)
= o[f\L n {t)\dt}=O{c n /R n ). .,-j,
Hence we can get from (42) that
We shall need the following lemma for the proof of our theorem. 
T./W) " k=\
On collecting the estimates, the theorem follows. (ii) It can be observed that our corollaries contain assumptions on {c n } and {d n } but we do not use conditions of the type (14) (see Theorem B and Theorem C).
Finally we are grateful to the referee for his valuable comments.
